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In  studying t h e  quest ion of the s t a b i l  ty 0, vortex t ra ims 

with staggered vor t ices  when there occurs "group displacementsn 

(for example, a l te rna t ing)  o r  i n  finding t he  ve l ec i ty  of asymmetric 

t ra i ls  w e  always encounter the  e f fec t  of oblique flow of trails. 

This means that the axis of the vortex system, w h i l e  maintaining a 

d i r e c t i o n  p a r a l l e l  t o  t he  general motion, with the p.x course of 

time, moves i n f i n i t e l y  far from t&e a x i s  of symmetry of the stream- 

l i n e s  o f  a body(cy1inder).  

placed a l t e rna te ly ,  w e  ob ta in  fQr the  law of motion, f o r  example 

f o r  v o r t i c e s  of the upper chain with even index, the e x p e s s i o n  

I n  the case of  staggered t ra i ls ,  dis- 

(ls2] 

+ *[e@(afcosv t + b"s in2  t) 

+ e- f i t (a@cosyt  + b n s i n Y t ) l  

( i  = 0,1,2.. ., y =  0 

1s the case of asymmetric trails, oblique flow arises from the 

X = h/Lt $c 0.281) 

fact t h a t  f o r  t h e  secondary component V, of  the  % l o c i t y  8 of 

any vortex has the  value 

which fQr > #  0, & a l s o  ciiffers from aero. On the b a s i s  of the  
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above, i t  is  possible  t o  assert that no t  only asymmetric trails 

but also staggered vortex trails even when they s a t i s f y  t h e  Karman 

condition [33 

sinh K T  = 1 ( 3) 

L( = h/t 

spec ia l  displacements which produce oblique motion of it. 

i n  the  spec i f ied  cases the general  de f in i t i on  of s t a b i l i t y  i s  not 

f u l f i l l e d ,  according to which it i s  necessary i n  order t h a t  “ fo r  

a r b i t r a r i l y  small displacements of all or some vor t ices  i n  t h e  i n i t i a l  

are unstable  i n  so f a r  as it is possible for us t o  f i n d  such 

Actually, 

moment of t i m e ,  a l l  the vor t ices ,  with t h e  lapse of t i m e ,  remain near 

that p o s i t i m  which they would have had if they moved without a lso  

undergoing displacem8ntw. Departing from t h i s  general  de f in i t i on ,  

l e t  u s a  ssume, aay, tihe p o s s i b i l i t y  of oblique t r a v e l  of the vortex 

system, for example, of asymmetric t r a i l s .  l e  must study i t s  stab- 

i l i t y  o r  i n s t a b i l i t y  w i t h  respect  t o  a mare narrow de f in i t i on  of 

s t a b i l i t y  which was formulated by Kochin 131 as: WLet us c a l l  t h e  

vortex system stable i f  f o r  any pos i t ive  number E 

desired,  i t  is possible  to  choose such a p o s i t i v e  number 

with the vor tea  displacements not exceeding t h e  quant i ty  6 at 

t h e  initial moment of time, the dis tance between any two v o r t i c e s  

i n  all the  time of the  motion of t h e  system w i l l  be different from 

t h e  disthnce be tmen  these vor t i ce s  i n  the undis tmbed s t a t e  not 

l a r g e r  % than E .” 

, as s a l  as 

6 t h h t  

Thus, w e  must consider t h e  qugstion of the  s t a b i l i t y  o r  instab- 

i l i t y  of asymmetric vortex trsils i n  the l i g h t  of the aboPe & f i n i t i o n  
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The analogy between the behavior of asymmetric and staggered trails 

is established here  according t o  Kochints method; w h a t  i s  more valu- 

able,  i n  the following work w e  apply asymmetric trails as t r a n s i t i o n s  

t o  Karman staggered trails when they a r e  I'rnade stablew in the  l a s t e r  

s tages  of tine motion of two o s c i l l a t i n g  vortex chtiins. The complete 

s ince as regards staggered t r a i l s  we established earlier [1,2] that 

they a r e  s t a b l e  by condition even for displacements of second 

order. 

Liapunov, staggered treils with the a t t r a c t i o n  d isp lacemht  of four th  

order proved uns tsb le  in spite of condition (3) being f u l f i l l e d .  

- 

(3)  

However, as deduced by Kochin [3] following the method of 

anslogy, which we establ ish i n  our generalized study, gives us t h e  

r i g h t  t o  eonsider &symmetric trails for conditmons of s t a b i l i t y  

d i f f e r e n t  from (3)  

are "less uastablen. 

symmetric t r a i l  i n  s p i t e  of a b r i e f  oblique flow transforms without 

collapse i n t o  a t r a i l  with vor t ices  i n  staggered a r r q g e m n t .  

such which, j u s t  the same as the  Karman trail  

Therefore, i t  i s  possible t o  expect t h a t  an a- 

how we start from the a l t e r n h t e  displacement of the vortex 

trails with asymmetric vortex arrangement whose motion is  governed 

by the system of  d i f f e r e n t a d  &e equations L3] : 



while the  non-displaced vortex chains move with the ve loc i ty  

The asymmetric i n i t i a l  pos i t i on  of the vor tex  Ne f ix  by the  formulEs 

(2) .  

zl01 = d +Zih; 1 zlO" = -d - &h; z20( = 1 + d + hih; z20" = I -  d - &h ( 5 )  

For brevi ty ,  l e t  us pu t  rr t = ^L and introduce corresponaing 

with t h i s  for  t he  k-th affix of the  alternate displaced vortex the  ex- 
812 

pression 

= r (E* - q t  + Zko + 21 f 
Ti- "k - 

2 1  - - 
i n  which lJA ana VA are, with t h e  accuracy of a known factor ,  t h e  

components of (2); and is the a f f i x  of the displacement o f  t h e  

k-th vortex; the  system (4) assumes the  form 

The in t eg ra l  of t h i s  system is ylt - yzl + Ylt1 - y2#) = C 
mci t h e  requirement of  single-vnluedness of the f vortex of basis  

form as a consequence of which C = 0, lehds us t o  the  r e l a t i o n  

P ~ I  - rlf = Ylll - y2tl o r  T211 - glt = t ; ~ l  - C 2 1 0  

I n  order t o  0bte.i.n the most general  solut ion o f  the  system (7) 
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w e  consider the obtaindied equation r e l a t i n g  t o  both s e r i e s  and w e  

I -  

Then (7) is transformea into 

1 - - 
a T  cos&+ c o s t  c o s p  + a 

1 - 
p cos? - a 

d& = 41 sind 
dT 

where a = cos( hV+ i X 0 ) .  For h = 3 , i t  i s  immediately evident 

that the system reduces t o  the  K o c h h  f 3 3  system for s t a b i l i t y ,  ac- 

coraing t o  formula (3)  of  staggered Karman trails. In  order  t o  

study the system (8) 

with r e s p e c t  t o  d ma I n  the same way the system (8) becomes 

l e t  us r e t e i n  in i t  on ly  terms wnich tire l i n e a r  

&nd the conjugate 

The -terns (9) and (10) are s q t i s f i e a  by the p a r t i c u l a r  solu- 

tions d = 2 = NeWt; p= ReWt*  p = Sea t  which l e a d  us 

t o  the cha rac t e r i s t i c  system of  a lgeb ra i c  equations 

h80 - Ls = 0; R 0- = 0; N U  + LR = 0; S w  + = 0 (11) 

homogeneous with respec t  t o  M3 N y  R snd S . Here we l e t  
- - - 

K = -21 l+a ; K = 2i & ; L = -25 a ; L = %i a (12) 
l-a 1-F l+a l+E 

Eliminstion of M, p1, R, and S from (11) letids us t o  the qqaation 
-- 

w4 + (Lg + Z K ) d 2  + LLKK = 0 
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The r o o t s  of the corresponding quadratic equation i f  = Q  

are given by the  expressions 

(14) 
) 
) 

- %i sia )\TT s i n h ~  
= 4t I :"' al + %i sin hTsinhNT 

€1 = 4 (l+&)(lZ) 
(1-a) (I+;) 

€, = 4 (1-a) (l+L) = 4 1 - \a) + 2i s i n  XT s i n h ~ v  
(l+a)(l=Z) = G - \a1 - %i s i n \ T s i n h W T  

- 
since a - a = -2i s i r . ) \ ~ s i n h \ ( l l =  - Q i ,  For the r o o t s  of  a, letting 

R' = (1 - \a\) 2 + Q2 , we obbm 

%,2,3,4 = - E  + 2 (1 - \a\ 2 Qi) (15) 

If (1 - \a\) # 0, then two of the roots  o f  (13) will have 

pos i t i ve  real p a r t  as a consequence of which the so lu t ion  d = 0, 

= 0 w i l l  be an  unstable so lu t ion  of the  systems (9) and (10) , 

If, nowever \a\ = 1 , or what i s  the  same 

\cos( xrr+ i m ) \  = 1 (16) 

then wergain f ind  the condition 

ai& I< T= s i n  XV (17) 

which is necessary fo r  the s t a b i l i t y  of asymietric vortex trails f o r  

a f i n i t e  displacement o f  a l l  vortices,  

B u t  now equation (13) has two pure imaginary double roots ,  s ince 

from R and (16) i t  follows that R =& , Therefore (15) i s  reduced 

t o  

case -,uhen the f irst  approximation is ansu f f i c i en t  t o  maints in  t h a t  the 

solut ion o( = 0, = 0 i s  s table ,  Honever, the  obtsineo necessiiry 

condition of s t a b i l i t y  (17) from which f o r  h = 3 the  Xarman condi- 

t ion  results, gives us the  r i g h t  to maintsin,  together with Kochin [a 
that " t o  a c e r t a i n  degree 

a = + - 2i. I n  the same way, f o r  asymmetric trails  w e  encounter the 

(17) maintains its value s ince  i t  chnracter izes  



those arrangements of  v o r t i c e s  which possess the l e a a t i t i n s t a b i l i t y  

i n  uomparison with a l l  o ther  vortex arraggements". 

A s  regards later inves t igs t ions  having as t h e i r  aim t o  es tab l i sh  

by the method of LlRpunov-Kochin the i n s t a b i l i t y  a l s o  of asymmetric 

tmils, we o n l y  observe t h s t  f o r  these generalizea trails there is 

obtained functions completely analogous t o  those which l o c h i n  3 uses: 

F( , Q = 4 In \(cos O( - a) (cosf +a) \ (18) 
COS# + cos 

where d = d ,  + i d2 , p =$1 + ifz ana the complex c o n s t a t  i s  

determinea by (8) emu conaition (17) , Thesystem of d i f f e r e n t i a l  

equations (8) a r e  now replaced by the 2 e%uations 

with the f irst  integral F = constant, The rest of the reasoning 

corresponds completely with Ko c hin 1 s inves ti ga ti on. 
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